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In this paper, we consider a stochastic differential equation driven by a fractional Brownian 
motion (fBm) and a Wiener process and having jumps. We prove that this equation has a 



£f} • unique solution and show that all moments of the solution are finite. 
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1. Introduction 
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The main object of this paper is a stochastic differential equation 

X t = X + [ a(s,X s )ds+ ! b(s,X s )dW s + [ c(s,X s )dB* 
Jo Jo Jo 

■J J q(s,X 8 _,y)v(ds,dy), t € [0,T\, 



> 

\Q • 

m : + 

, where W is a standard Wiener process; B H is a fractional Brownian motion (fBm) 

with the Hurst parameter H € (|, 1); v is a Poisson measure with finite intensity 
measure. 

Such equation can be used to model processes with jumps on financial markets, 
where two principal random noises influence the prices. One noise is coming from 
economical background and has a long-range dependence, which is modeled by the 
fBm. Another noise is intrinsic to the stock exchange, where millions of agents act 
independently and behave irrationally sometimes; this is a white noise and it is 
modeled by a Wiener process. 

Although equation (TjQ) were not studied before, many authors considered some 
particular examples. 
For a pure fractional stochastic equation without Wiener component and jumps 

X t = X + [ a{s,X s )ds+ [ c(s,X s )dB?, (2) 
Jo Jo 

existence and uniqueness of a solution to such equation was proved first in 0, 0, 
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H, G3]. in [13] this result was proved under weaker assumptions on coefficients 
and integrability of the solution was established for H > 3/4. For a homogeneous 
drift-less equation (i.e. a(s,x) = 0, c(s,x) = c(x)), the integrability was shown in 
d for all H > 1/2. 
Mixed stochastic differential equation without jumps 



X t = X + [ a{s,X s )ds+ [ b(s,X s )dW s + [ c{s,X s )dB? 
Jo Jo Jo 



(3) 



was first considered in [?J , where unique solvability was proved for time-independent 
coefficients and zero drift, i.e. a = 0. Later, in [LJ], existence of solution to ([3]) was 
proved under less restrictive assumptions, but only locally, i.e. up to a random time. 
In [3j global existence and uniqueness of solution to (J3|) was established under the 
assumption that W and B H are independent. The latter result was obtained in [s| 
and [9[j without the independence assumptions, and it was also shown in 0] that 
all moments of the solution are finite for H > 3/4. It is also worth mentioning that 
article [IH contains related results, which imply, in particular, that ([3]) has unique 
solution for b(t,x) = c(t,x) = b{x). 

Recently, equation ([1]) without Brownian component (i.e. 6 = 0) was consid- 
ered in where the existence of solution is proved under weaker conditions on 
regularity of a (only Holder continuity in the second variable) and without the 
assumptions II(1R) < oo, H > 1/2. On the other hand, in that paper c(i, x) = 1 
and q(t, x, y) is independent of x, which are much stronger assumptions than those 
of the present paper. 

In this paper we show that ([TJ has a unique solution. The main result is existence 
of moments of the solution, which is an important property for applications. The 
existence of moments is proved for all H > 1/2 in inhomogeneous case, which is a 
novelty in comparison to the results of 0,0, The paper is organized as follows. 
Section [2] gives basic definitions. In Section [3] we prove existence and uniqueness 
of the solution to (pQ). Section [J] contains results on integrability of solutions to 



2. Preliminaries 



Let (Q, J 7 , F = {Tt, t > 0}, P) be a complete filtered probability space satisfying the 
usual assumptions. Let also {Wt, t > 0} be an F- Wiener process and {B?,t > 0} be 
an F-adapted fractional Brownian motion (fBm), i.e. a centered Gaussian process 
with the covariance E [Bf B^] = \(s 2H + t 2H - \t - s\ 2H ). Let also v be an F- 
adapted Poisson measure with intensity measure II, i.e. 

E[v{dt,dy)} = U(dy)dt. 

We will assume that the intensity measure LT is finite: 

n(R) < oo. (4) 

It is well known that B H has a modification with almost surely continuous paths 
(even Holder continuous of any order up to H ) , and further we will assume that it 
is continuous itself. 

Now we define how we understand the integrals in ([T]). The integral with respect 
to the Wiener process W is the standard ltd integral, and it is well defined as long 
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as fl ) b(s,X s ) 2 ds < oo almost surely. The integral with respect to v is defined as 
usual. Since II (R) < oo, the process 

L t = / xv(ds,dx) (5) 
Jo Js. 

is well defined and it is a pure jump process, which almost surely has finite number 
of jumps; we can assume that it is cadlag. So the integral with respect to v is just 
a finite sum 

/ / q(s,X s ^,y)u(ds,dy) = V] q(s, X S ^,AL S ), 
Jo Jr ^ rn ., 

where AL S = L s — L s _. 

As for the integral with respect to the fBm B H , we use the generalized Lebesgue- 
Stieltjes integral (see [l3|). Its construction uses the fractional derivatives 

Assuming that D% + f € L x [a,b], Dlz a gb- G £co[a,&], where g b -{x) = g{x) - g(b), 
the generalized (fractional) Lebesgue-Stieltjes integral f(x)dg(x) is defined as 

b f(x)dg(x) = e l ™ f (£>«_/) (x) {D\z a g b -) (x)dx. (6) 



It follows from Holder continuity of B H that D^_ a B b H _(x) € -L^a, 6] a.s. Then 
for a function / with D® + f G L%[a, b] we can define integral with respect to B H 
through ©: 

f b f(x)dB H (x) := e™ a f\D^f)(x){Dlz° l B b H _){x) dx. (7) 

J a J a 

Note that in the case where / is piecewise Holder continuous with exponent 7 > 
1 — H, this integral is just a limit of forward integral sums Ylk=i /(^fc) [Ptl 1 — -^t* ) ■ 
(This fact is proved in [13] for Holder continuous functions /, but it is easily checked 
that the proof works for piecewise Holder continuous functions as well.) Hence, for 
such functions, all usual properties of integral hold: linearity, additivity etc. 

Throughout the paper, the symbol C will denote a generic constant, whose value 
is not significant and can change from one line to another. To emphasize its de- 
pendence on some parameters, we will put them into subscripts. 



3. Existence and uniqueness of solution 



In this and the following sections we impose the following assumptions on the 
coefficients of ([TJ: 
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1 

HI. The function c is differentiable in x and for all x,y G M, t G [0, T] 

\a(t,x)\ + \b{t,x)\ + \c{t,x)\ < C(l + \x\), 
\d x c(t,x)\ <C. 

H2. The functions a, 6 and d x c are Lipschitz continuous in x: 

\a(t,xi) — a(t, x 2 )\ + \b(t, xi) — x 2 ) | + \d x c(t,xi) -d x c(t,x 2 )\ < C\xi -x 2 \, 

for all xi,x 2 £R,t£ [0,T]. 
H3. The functions a, b and c^c are Holder continuous in t: for some /3 G (1 — -ff, 1) 
and for all s,t G [0,T], x£l 

|a(s, x)— a(i, x)| + |6(s, x)—b(t, x)\ + \c(s, x)—c(t, x)\ + \d x c(s, x)—d x c(t, x)\ < C\s— t 

We do not impose any assumptions on the function q except joint measurability in 
all arguments. 

We will say that a process X is a solution to (pQ) if it is cadlag and has the 
following properties: 

• for some k > 1 — H 

\X t -X s \ <C\t-x\ K 

for all t, s such that v{\t — s],M) = (i.e. X is Holder continuous between jumps 
of the process L defined in (J5])); 

• equation ([T]) holds almost surely for all t G [0, T]. 

From @ it follows that, almost surely, L has finitely many jumps on [0, T], so 
a solution X is piecewise Holder continuous of order k > 1 — H , consequently, 
the integral Jq c(s, X s )dB^ is well defined for all t G [0, T]. It also follows that 

Jq (\a(s, X s )\ ds + 6(s,X s ) 2 )ds < oo a.s., thus the integrals Jq a(s, X s )ds and 
Jq b(s, X s )dW s are well defined too. 

Theorem 3.1 : Equation ([1]) has a unique solution. 

Proof : For u > 0, consider the following equation: 

Y t = y+ f a(s + u,Y s )ds+ [ b(s + u,Y s )dV s + f c{s + u,Y s )dZ s , 
Jo Jo Jo 

where V is a Wiener process, Z is a process with almost surely Holder continuous 
paths of order 7 > 1/2. It was proved in (9j that such equation has a unique 
solution in the class of Holder continuous processes of order k > 1 — 7. We denote 
this solution by Y(u, t, y, V, Z). 

Let r n be the moment of the nth jump of process L. Define a sequence of processes 
X n recursively as follows. Let the process X° = Y(0, t, X , W, B H ) be the solution 
to ([3]). If for n > 1 the process X"- 1 is constructed, set = W Tn+s - W Tn , 
Z™ = B^ n+S - B^ n , s > 0, X™ = X™- 1 + qir^X?- 1 , AL r J. On the" stochastic 
basis > 0),P) with T n = a{W n ,Z n }, T n = a{W?,Z™,s G [0,t]}, 

the process W n is a Wiener process, and is Holder continuous of any order 
7 < H, hence we can define X t n = F(r„, t - r n; X™ , r, Z n ), t > r n . 
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Now we put 

n>0 

and show that this process solves dl|). Indeed, for t G [r n , r n +i), n > 0, we have 

X t = X Tn + / (a(s + r„, X s+r Jds + 6(a + r n , X s+T JffW s n + c(s + r n , X s+T JdZ s n ) 
io 

= X Tn + y (o(s, X s )ds + 6( s , X s )dC +T „ + c{s, X 8 )dZ^ +Tn ) 
= X Tn + J (a{s,X s )ds + b{s,X s )dW s + c{s,X s )dBf) . 
Thus, for any t > we can write 

X t = X + / (a(s, X s )ds + 6(s, X s )dW s + c{s, X s )dB*) + £ A^r„ 

n n:r n <t 

= X + [ (a(s,X s )ds + b(s,X s )dW s + c(s,X s )dB^)+ ^ 9 (r n ,X Tf ,_, AL T J 

71 n:r n <t 

= X + J {a{s, X s )ds + b(s, X s )dW s + c(s, X s )dB^) 
+ / / q(s,X s ^,y)v(ds,dy), 



Jo Jm. 

i.e. X solves ([1]). 

Uniqueness follows from a similar reasoning: from uniqueness of solution for ([3]) 
and the strong Markov property of W we get, that for t G [r n ,T n+ i), n > 0, the 
solution of © satisfies X t = Y(r n , t-T n , X™ , W n , Z n ). On the other hand, AX Tn = 
q(r n , X Tn ~ , AL Tn ) , hence any solution of (jT]) coincides with the one constructed 
above. □ 



4. Existence of moments of the solution 

4-1 Existence of moments for equation without jumps 

We start by making pathwise estimates of the solution to equation ([3]) without 
jumps. We fix some a £ (1 — H, 1/2) and introduce the following notation: 



'l/W-ZOOKt-s)- 1 -^, 



o 



||/|| A)t = supe— \f(s)\ , = supe— ||/|| s , ||/|| = ||/|| , + ; 

s<t s<t 

\m-f(u)\ , r\f(u)-f(z)\ 
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6 

Observe that it follows from ([7]) that 

" f(s)dB 



H 



<C \\ bH Li m 

— II IIO;[a,oJ 



/ I ( (a - a)~ a + / \f(s) - f(u)\ (s - u)- l - a du ) ds. 



a 



(8) 



First we establish some pathwise estimates of the solution of ([3]). 
Lemma 4.1: For the solution X of ([3]), the following estimate holds: 



oo;T / ' 



where I b (t) = f*b(s,X s )dW s , t G [0,T]. 

Remark 1 : A similar estimate (naturally, without J&) was obtained for the pure 
fractional equation (j2]) in [Iol |. but with exponent 1/(1 — 2a) instead of 1/(1 — a) 
here. In our proof we will use methods similar to those of [10] , but we modify them 
as follows. While in [l(|, the sum ||/||,\t + ll/lliAt * s estimated and a version of the 
Gronwall lemma is used, here we will estimate these terms separately and then use 
a kind of two-dimensional Gronwall lemma. 

Proof: For shortness, denote A = \\B || -ro TH V 1, ^6 = ll-^filloo-T' ^(^ s ) = (P ~ 
We start by estimating \X t \; 

\X t \ < \X \ + \I a (t)\ + \I b (t)\ + \I c (t)\ , 
where lb is as above, I a (t) = f a(s, X s )ds, I c (t) = J Q c(s,X s )dB^ . Estimate 

\h(t)\ < J b , 

\Ia(t)\<J \a(s,X s )\ds <C J (l + \X s \)ds<c(l + J \X s \ds^j. 
By (ED, 

\I e (t)\<CAj (\c(s,X s )\s- a + \c(s,X s ) -c(u,X u )\h(s,u)d'uJ ds 
<CA^ ^(l + |X s j)s~ Q + ^ (\s-uf + \X S - X u \^j h{s,u)du^j ds 
< CA (l + jf {\X s \s- a + \\X\\ S ) ds^j . 
Summing up, we have 

\X t \ < CA (l + [ (\X s \s- a + 11X11 ) ds] + J b , 



o 
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whence 



\\X\\x,t < CA (l + sup e~ Xs jT (\X U \ u- a + \\X\\ J du^j + J b 

< CA (l + sup jT e x{u ~ s ^ (e~ Xu \X U \ u~ a + e' Xu ||AT|| U ) du^j + J b 

< CA (l + S upJ\ x ^ (u~ a + du^j + J fe 

< CA (l + A"' 1 \\X\\ x<t + a- 1 |LY|| w ) + J 6 , 



where we have used the estimate 



sup/ e x ^- s ) u - a du = sup A" 1 f e' z (s - z/X)- a dz 

s<t Jo s<t Jo 

sup A"" 1 f e~ z {\s - z)~ a dz < X*- 1 sup f e~ z {a - z)- a dz = CA 

s<t Jo a>0 Jo 



Further, we estimate ||AT|| t : 



||X|| t <||7 a || t + ||I b || t + ||/ c || t <||7 a || t + J 6 + ||/ c || t , 
\I a \\t< f I \a(u,X u )\duh(t,s)ds <C [ [ (1 + \X U \) duh(t, s)ds 

Jo J s Jo J s 

<c(l + J\x u \{t-u)" a dv^ , 



1411* 



f f c(u,X u )dB* 

J0 J s 



h(t,s)ds < CA(J' C + J'J), 



where 



J' c = f [ \c(u,X u )\(u- S y a duh(t,s)ds < [ [ (l + \X u \){u- s)- a duh(t,s)ds 

Jo Js Jo J s 

<c(i + J \ x u\ J o (u- s)- a (t- s)- 1_a ^ < c J o \x u \{t- u y 2a du, 



mu 
\c(u, X u ) — c(z, X z ) \ h(u, z)dz du h(t, s)ds 

~ C L is is ^ ~ ^ + ^ ~ XZ ' Z ^ ^ ^ ^ ^ 

jT \X U - X z \h{u,z){t - z)- a dzdu^j 
< C (l + J* £ \X U - X z \h(u, z)dz{t - u)- a di?J = C (l + J* \\X\\ U (t - u)- a dv^j 



ft ft ft fU 

<C( I I (u-sf- a + 




Js 
t fU 
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Here to estimate J' c we used the following computation: 



o 



(u - s)~ a (t - s)~ L - a du = s = u-(t-u)v =(t- u)- 2a / v~ a (l + v)- L - a dt 







IX' 



<(t- u)- 2a / v~ a (l + vY^dv = B(l - q, 2a)(t - u)- 2a . 
Jo 

Combining all estimates, we get 

\\X\\ t < CA (l + J (\X U \ (t - u)~ 2a + \\X\\ U (t - u)- a ) du^j + J b , 



whence 



\\X\\ixt< CA f 1 + supe" As f S (\X U \ (s - u)- 2a + \\X\\ U (s - u)~ a ) du) + J b 

' ' V s<t Jo J 

< CA ^1 + sup j e A ("~ s ) (e~ Xu \X U \ (s - u)~ 2a + e~ Xu \\X\\ U (s - u)^ du^j + . 

<CA^l + sup^ e x(u ~ s) (\\X\\ X)t (s - u)~ 2a + \\X\\ 1M (s - u)- a ^J di?J + J b 
< CA (l + A 2 "- 1 \\X\\ Xjt + A"- 1 \\X\\ 1M ) + J b . 

Thus, we get the following system of inequalities : 



\\X\\ Xtt <KA(l + A"- 1 ||X|| Aji + A" 1 ||X|| 1As j + J b , 
\X\\ 1M <KA(l + A 2 - 1 ||X|| A>t + A"- 1 ||X|| 1As ) + J b 



with some constant K (which can be assumed to be greater than 1 without loss of 
generality). Putting A = (4KA) 1 ^ 1 ~ a \ we get from the first inequality that 

II^IU,* < (l + A" 1 ||^|| 1;A;t ) + 1^,- (9) 



We remark that ||X|| Ai and \\X\\i x t are almost surely finite by the results of [8]. 

Plugging this to the second inequality and making simple transformations, we 
arrive at 

\\ x \\i,\,t ^ l KA + 2ifA 1/(1 ~ Q) + 2KA J b < CA l /^- a \l + J b ) 
with some constant, which is no longer of interest. Substituting this to ([9]), we get 
\\X\\ xt < CA(1 + J b ) < CA 1 ^ 1 -^^ + J b ). 
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Finally, 



< e XT (||X|| A)t + ||X|| 1)A)t ) < Cexp {cA 1 ^ } A 1 ^-) (1 + J b ) 
< Cexp (CAVP-)} (1 + J b ) < Cexp [c (l + \\B H \^.^ ] ) } (1 + J h ) 



<Cexp{c||^||^ T] a) }(l + J 6 ), 



as required. 



□ 



Now we are ready to state the result about finiteness of moments. To this end, 
in addition to our main hypotheses H1-H3, we will assume that the coefficient b is 
bounded: 

H4. for all x G R, t G [0, T] 

\b(t,x)\ < C. 

Theorem 4.2 : The solution X of for each p > satisfies 



< CO, 



in particular, 



sup \Xt\ p 
te[o,T] 



< CO. 



Proof : Thanks to Lemma 14. li it is enough to prove that all moments of 
expjU^H^ 1 ^} and of J b are finite. The first follows from the fact that 

ll^dlo-ro T] * s an a l mos t surely finite supremum of a Gaussian family, and 
1/(1 — a) < 2, since a < 1/2. The first is proved as in 0, Lemma 2.3], but the 
proof is short and for completeness we repeat it here. 
Denote b u = b(u, X u ) and write 



Em <c p (i' b +r b ') 



where 



4 = E 



sup 

te[o,T] 



b,dW, 



sup 

te[o,T] \Jo 



<C P E 



b z dW 2 



J \b s ?ds) 



p/2- 



< CO, 



(t-sy 



-l-a 



ds 



By the Garsia-Rodemich-Rumsey inequality 0, Theorem 1.4], for arbitrary 77 G 
(0,1/2 -a), u,s G [0,T] 



b z dW 2 



<C£ v (T)\s-u 



1/2-7? 



o Jo \x-y\ l/r > J 



February 14, 2013 3:10 Stochastics: An International Journal of Probability and Stochastic Pro- 
cesses shevchcnko-mbfbm-jumps-gssr 



10 



For p > 2/rj by the Holder inequality 



E[e,(*) p ]<c ; 



p,r > I I I IP/2 

a Jo \x — y\ ' 



dx dy 



< C Pt n 



t E 



o \x — y 



p/2 



dxdy < oo, 



whence 



4'<CE[^(Tf] sup f f\t-sr l / 2 ^- a ds) P <oc, 
te[o,T] \Jo J 



and the statement follows. 



□ 



As a corollary, we get a generalization of a result of where the existence of 
moments under linear growth of c is proved only for H > 3/4. 

Corollary 4.3: The solution X of ^ for each p > satisfies 



< OO, 



in particular, 



sup |X t | p 
te[o,r] 



< oo. 



4-2 Existence of moments for the mixed equation with jumps 

Now turn to equation ([T]). To prove existence and uniqueness of its solution, we 
did not make any assumptions about v and q, except that v has finite activity: 
II(R) < oo. To prove existence of moments, we will make further assumptions on 
the measure v and the coefficient q in addition to H1-H4. 

H5. The measure v is independent of B , W. 

H6. There exists a function g : R — > [0, oo) such that for all x € R, t G [0, T] 



/(M,y)l < g(y)(l + \x\). 



H7. For all p > 



g(y) p U(dy) < oo. 



Theorem 4.4 : The solution X of ([T]) /or eac/i p > satisfies 



sup |X t | p 
te[o,r] 



< oo. 



February 14, 2013 3:10 Stochastics: An International Journal of Probability and Stochastic Pro- 
cesses shevchcnko-mbfbm-jumps-gssr 



11 



Proof : Let r„ be the moment of the nth jump of process L. As in the proof of 
3.11 consider for u > the equation 



Y t = y+ f a(s + u,Y s )ds+ [ b(s + u,Y s )dV s + f c(s + u,Y s )dZ s , 
Jo Jo Jo 



where V is a Wiener process, Z is an adapted process with almost surely 7-Holder 
continuous paths for some 7 > 1/2, and denote the unique solution to this equation 
by Y(u, t, y, V,Z). A reasoning similar to that used in the proof of Lemma [4 . 1 1 gives 



\Y(u, ■, y, V, X)\\ a . m < K \y\ exp [k (1 + \\h,Y H^), (10) 



where h,Y{t) = J * K s + u,Y s )dV s , the constant K depends only on constants in 
assumptions H1-H4, without loss of generality we assume K > 1. Hence we get for 

t < n 



\Xt\ < K \Xq\ exp \ K \\B 



,H||V(l-a)' 
l0;[0,n] 



1 + \\h 



loo;ri y ' 



where I b (t) = f*b(s,X 8 )dW a . 

For convenience denote \x\ ± 
g(x) > 1, x £ R. Then 



|x| V 1 and assume without loss of generality that 



SI1 P I Xi j , L K j-Voj j exp \ K \\B H \\ (1 + J 6 ), 



t<Ti 



(11) 



where 



Jb = sup 

0<s<t<Tj s 



b(v,X v )dW v 



(u - a)' 



+ 



b(v,X v )dW v 



(u - z)- l ~ a dz ) du 



Further, 



l-Xrxli < 1^-11 + |g(ri,X Tl _,AL Tl )| 1 
< |X Tl _| 1 + 2 5 (AL Tl ) \X Tl _\ x < 3g(AL Tl ) |X Tl _| x 

< 3Kg(AL Tl ) [X^eKp^WB 11 ^-^] (1 + J b ). 
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12 



Using inequality (fTUj) consequently on [ti,T2), [t2,t$) 
X as in (fTTI) . we arrive at 



and estimating jumps of 



sup \X t \< sup iJSTtl! < (310^(1 + Ji^+M^oliexpl^ll^ll^ 1 -^} 

-Iuti t€[0,T] 1 - J 



te[o,T] 



n:T„<T 



<C(6K) N ^ (l + J? iT)+1 



^{^ll^llo^AT]) 

n 5 (AL rJ exp{i.||^||^;: ) +lA T,} 



n:r„<T 



where iV~(T) denotes the number of jumps of the process L on [0, T]. Hence, by the 
Holder inequality, 



sup \X t \ p 
*e[o,T] 



< C p | E 



( 6i f)4WV(T) 



1 + E 



J, 



4p(JV(T)+l) 



x E 



N(T) 

n 9(al t j 4 ^ 

n=l 



'JV(T) 



n=0 



1/4 



(12) 



with To = 0. Since the jumps of L are jointly independent and do not depend on 
N(T), which has a Poisson distribution, we have E [(6X) 4pAr ^)] < oo and 



N(T) 

n 9(&L T y? 

n=l 



e X p{(E[ 5 (AL Tl ) 4 f] -1)H(R)T} 
exp | ^g(y) A m(dy) - lj U(R)T^ < oo. 



Further, write 



J, 



4p(N{T)+l) 



J, 



4p(AT(T)+l) 



L 



From the formula for the solution to ([I]) , obtained in the proof of Theorem 13. 1\ we 
get that Xt = F(t, W, B ,L), where F is certain non-random measurable function. 
Thus, we can write b(s,X s ) = G(s,W, B H , L), where G is a non-random bounded 
function. Therefore, since W and B H do not depend on L, we obtain 



J, 



4p(jV(T)+l) 



L 



sup 

0<s<t<T 



G(u,W,B H ,l)dW u 



4pk 



a;[s,t] 



l=L,k=N(T)+l 
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< 



G u (l)dW u 



+ 



+ 



t 



G z (l)dW z 



(t - uy^du 



Then 









ipk 




E 


sup 


J G u (l)dW u 




< 2(/i + h) 




0<s<t<T 




a;[s,t] 





where 



h = E 



sup 

te[o,T] 



G u {l)dW u 



4pk' 





"/ ,-T \ 2 P k ~ 




< E 


U G u (lfdu\ 

















/ 2 = E 


sup I 


i 




0<s<t<T \ 





G z {l)dW z 



(t-u)~ l ~ a du 



ipk' 



with some constant K\ independent of /, k. The term I2 is estimated as in the 
proof of Theorem 14.21 from the Garsia-Rodemich-Rumsey inequality we get for 
any tj G (0,1/2 - a), u, s G [0,T] 



G z (l)dW z 



< C^iT) \s-u 



1/2-17 



with 

Now for Apk >2/r] 
E k v (T) 4pk 



2/r, \ 'nl 2 



Jo |x — y| /,? y 



T r T E 



JO 



|4pfc' 



2pk 



dx dy 



<^ ^j4pkrp2—4pkr] 



t E 



2^ ~dx dy <K 2 . 



'0 |x — y| 

where the constant i?2 is independent of Z, A;. Consequently, 



ft \ 4pfc 

J 2 <#£ sup [ I (t-uy^^du) <(K 2 T 4 PW 2 - a -ri) k . 



0<s<t<T \j s 

Collecting all estimates, we get 









ipk 


E 


sup 


J G u {l)dW u 






0<s<t<T 




a;[s,t] 



< KS 
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with K3 independent of l,k. Therefore, 



J, 



4p(JV(T)+l) 



< E 



K. 



N(T)+1 



< OO. 



Consider the last multiple in (JT2J). Denote Z n = AKp 1 1 B H | | ^\ iAT y By the 
Holder inequality, 

"jv(t) 



n 

n=0 



N(T) N(T) 

< H E[e^] 1/qn = n E[E[e^\L]] 1/q " 

n=0 n=0 



where 



N(T) 



A- K Y, A n, A n = T n+1 AT-r n , 



n=0 



a + H- 1 
1 — a 



Using the independence of and L, write 
E \tf" z »\L) = E [exp(4ir P S(6-a)- re \\B H \\lf~ a) } 

L J L * \ ^ ^ ' 11 N °;M J J a=r„,6=r„ +1 AT,S=El=o ; A S 

In view of the self-similarity property of B H , it is easy to check that 



(b-ar«\\B H \\lf- a) ±\\B H " 1/il - a) 

' II II ; [ci , oj 



l0;[0,l] 



Consequently, 



'N(T) 

n 

n=0 



< E 



^{4K P S\\bX^} 



It is easy to check that k > 1. Therefore, 



AT(T) /-!V(T) 

^ X ^ a„ I / " . 

n=0 \ n=0 



This implies 



N(T) 

n 

n=0 



< E 



expl^llB-HW-"'} 



which is finite as ||-B || .r Q ^ is a finite supremum of a Gaussian family and 1/(1 — 
a) < 2. The proof is now complete. □ 
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